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Abstract-A deterministic mixture theory is presented for periodic particulate composites. The
model is constructed by introducing convenient microdisplacement and microstress variables, and
by using a regular asymptotic technique with multiple scales. Governing equations and appropriate
boundary conditions are then deduced from Reissner's mixed variational principle (J. Math. Phys.
29, 90-95 (1950». In order to test the accuracy of the present model, harmonic wave propagation
is examined and compared with available experimental data for glass/epoxy and steel/PMMA
composites reported by Kinra and Ker (Int. J. Solids Structures 19, 393--410 (1983». Also, the
effective elastic moduli are computed, and the results compared with other analytical methods.

I. INTRODUCTION

Composite materials exhibit very different behavior under static and dynamic loads, as
compared to homogeneous isotropic solids. Therefore, proper assessment of the composite's
physical properties, such as elastic moduli and wave spectra, is important for most engin­
eering applications.

Different analytical methods for the determination of the effective elastic moduli of
particulate composites have been compiled by Christensen[1]. These are: (i) the variational
approach based on extremum principles[2-5], (ii) the probabilistic approach[6-9], and
(iii) the self-consistent scheme[1 0-13]. The estimates of effective moduli which elucidate the
effect of the geometry of inclusion were presented by Nemat-Nasser and co-workers[14, 15].
At this moment it is safe to conclude that formulas are available which predict accurately
the effective elastic moduli of the composites.

In order to clarify dynamic behaviors of particulate composites ultrasonic measure­
ments of longitudinal and shear wave velocities have been recorded by Kinra et a/.[16] at
low frequency, and by Kinra and Anand[17] at long and short wavelengths for random
particulate composites. Later, Kinra and Ker[18], again using ultrasonic devices, measured
longitudinal wave speeds at low and high frequencies for periodic particulate composites.
Their experimental investigation revealed the existence of stop and pass bands in the
periodic composites[18], which were totally absent in the random composites[16, 17]. The
existence of stop and pass bands was predicted analytically in the transmission of harmonic
waves through periodic three-dimensional composites by Minagawa and Nemat-Nasser[19]
who used a quotient method to compute phase velocity spectra. It is noted that phase
velocity data provide an accuracy measure of dispersive continuum models and therefore
such data are of considerable importance.

The dynamic behavior of random particulate composites has been studied theoretically
via harmonic wave propagation. Mal and Bose[20], using a probabilistic approach, gave
values for the effective wave speeds for imperfectly bonded spheres randomly dispersed in
the matrix. Their analysis is confined to the long wavelength range. Datta[21] obtained
longitudinal wave velocities through the scattering of a plane P-wave by a distribution of
rigid spheroids. Later, Datta[22], using a probabilistic approach similar to that in Ref. [21],
computed longitudinal and shear wave speeds for the case of identical elastic ellipsoids. His
results[22] are however nondispersive, since the calculations stem from a long wavelength
approximation but reproduces an appropriate bound of Ref. [3]. Dispersive models for
random particulate composites have been proposed by Beltzer et a/.[23] for a viscoelastic
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matrix, with dilute particle concentration, and by Ben-Amoz[24] using asymptotic expan­
sions to dcrivc govcrning cquations for thc macro-motion. Thc lattcr modcl fails to predict
the experimental data reported later by Kinra and Ker[18]. Gaunard and Oberall[25] have
also presented a dispersive model for random particle distribution at low concentrations
using scattcring theory.

A deterministic continuum model is presented here for the simulation of harmonic
wave propagation through periodic particulate composites. This method has been suc­
cessfully applied to angle-ply laminates[26] and fiber-reinforced composites[27]. It consists
in using a regular asymptotic technique with multiple scales to derive appropriate trial
displacement and stress fields. This procedure yields a sequence of microboundary value
problems (MBVPs) defined over a unit cell, which characterizes the periodicity of the
composite microstructure. Governing equations and boundary conditions are then deduced
from Reissner's mixed variational principle[28]. The lowest order model of this MBVP
method is equivalent to the "0(1) homogenization theory", by Bensoussan et al.[29]
and Sanchez-Palencia[30]. This gives the effective elastic moduli. However, for dynamic
problems where the wavelength is of the same order of magnitude as the inclusion's
dimensions, a higher order model is necessary to simulate wave dispersion spectra. Such a
theory is named an O(e) (at least) homogenization theory, where i; denotes a typical ratio
of micro-to-macrodimensions of the composite. This method of two-space homogenization
has also been applied by Burridge ana Keller[31] to derive the equations describing the
macroscopic behavior of fluid-filled porous media. However, numerical results were not
presented in their work.

Following the derivation of the mixture model, propagation of harmonic waves
through periodic particulate composites is examined using the approach outlined above,
and the results are compared with the experimental data recorded by Kinra and Ker[18]
for glass/epoxy and steel/PMMA composites. Also, in the limit when e ..... 0, the effective
elastic moduli are computed and compared with Hashin's results[2]. In all cases, good
agreement is observed between the available experimental data and analytical methods.

2. FORMULAnON

Consider a volume Vwhich contains spherical particles periodically distributed within
the matrix, as shown in Fig. I. This volume is referred to a Cartesian coordinate system xI,

X2, X3'
The following notation: ( )(.), a = 1,2 will designate quantities associated with material

a, such that a = I represents the particle and a =2 the matrix. Barred and unbarred
quantities will be associated with dimensional and non-dimensional variables, respectively.
Unless otherwise specified, the usual Cartesian indicial notation is employed where latin
indices range from I to 3 and repeated indices imply the summation convention. Also, n.,
and (),I are used to denote partial differentiation with respect to Xi and time 1, respectively.

With the help of the foregoing notation, the governing equations for the displacement
vector lil·) and stress tensor ajj) associated with the ath-constituent are:

• • • •

Fig. 1. A periodic particulate composite.
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(a) equations of motion

991

-(.) - -(.) -(.)
(1 ji.j - P U i,lI' (I)

where p(.) represents the mass density;
(b) constitutive equations for isotropic constituents

(2)

where X(·), ii(·) are Lame's constants, e;1) the infinitesimal strain tensor and b;j the Kronecker
delta;

(c) strain-displacement relations

e!·) = 1(ii!·'> + iiI·)) .
IJ 2 I.J J.I'

(d) interface continuity conditions

(3)

-(I) _ -(2)
U; - U; , (4)

where AI denotes the particle-matrix interface surface;
(e) initial conditions at t = 0 and appropriate boundary conditions along the boundary

oV.
Conditions (a)-(e) constitute an initial boundary value problem. However, due to the

large number of heterogeneities in the medium, its direct solution represents a formidable
task. The purpose of the following analysis is to circumvent this difficulty by deriving a set
of partial differential equations with constant coefficients, the solution of which will thus
represent an approximation to the original problem. To this end, the basic equations are
nondimensionalized by introducing the following parameters:

C(m),P(m)

E(tn) == P(m)C(~n)

~m) == A/C(m)

e == 3./A

typical macrosignal wavelength

typical particle spacing or cell dimension

reference wave velocity and macromass density

reference modulus

typical macrosignal travel time

ratio of micro-to-macrodimension.

With the help of these parameters, non-dimensional variables are now defined, such that

(.) - _~ - - (.l(A., JI, (1;) - E (X, jl, (1;) ,
(m)

X;
x;=X'

I
1= =-,

I(m)

-(.)

p(.)=~
P(m)

(5)

The material properties are periodic in the x/space in which the periodicity can be char­
acterized by the cell. This representation implies that stress and displacement fields will
vary according to two basic length scales: (1) a macro length characteristic of the body
size, and (2) a micro length characteristic of the cell spatial dimensions. Further, in most
applications of interest, the microscale is much smaller than the macroscale. Therefore, it
appears convenient to use an asymptotic technique based on the two scales involved in the
problem. To this end, new independent microcoordinates are introduced, such that
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x
x;* = ~

/;
(6)

As a consequence, all field variables now become functions of both the macrovariables x,
and microvariables x,*

F(x;, t) :::: F*(x" xj, t; £).

Spatial derivatives of such a function F then take the form

(7a)

(7b)

where ( ).i. is used to denote partial differentiation with respect to x~. For notational
simplicity, F* will be written as F in what follows.

Applying eqns (5) and (7b) to eqns (1)-(4) yields a new set of "synthesized" governing
equations, given by:

(a) equations of motion

(8a, b)

(b) constitutive equations for isotropic constituents

(c) strain-displacement relations

e!~l :::: ! [u!~) + u(~) + ! (u(~~ +u(~).)J .
'J 2 '.J J,I e ',J J.' ,

(d) interface continuity conditions

(9)

(10)

(I la, b)

The periodicity condition implies that all field variables will assume equal values on opposite
sides of the cell boundary. Therefore it is only necessary to consider a single cell in order
to determine the dependence of these field variables on the microcoordinates x~. As a
consequence edge layer effects are not included in the model.

The construction of the present mixture model is accomplished by resorting to
Reissner's mixed variational principle[28] for displacements and stresses. This variational
principle, applied to the synthesized field using the multiscale representation, takes the form

1[~ 1 {i:e(~)~(~)+M!~)[! (u!~)+u(a) +! (u(~) +u(~) »)-e(~)(.. ')]}dX*dX*dX*L... u IJ VIJ IJ 2 I.J J.' I.J· J,I· IJ I 2 3
V a= I V·(CI) &

+ ~1. [T{(bu}2) -bul I»+bTI(uj2) -Ul 'l)] dA ]dX 1 dX2 dX3

= [ [± [ bula)( - p (~) u;~~l) dxT dx! dXt] dx1 dx 2 dx 3Jv a" I Jv.(.)

(12)
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X~

Fig. 2. Typical cell and concentric-spheres model.
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where V·(~) denotes the xt-domain occupied by constituent IX (see Fig. 2), oW is used for
•

the approximate stress field, n~) represents the traction vector on the surface aVr where
•

tractions are specified and Tl is the interface traction vector defined by

Also

and

•
T' = ';(~)v(') on A
1- VJI J I' (13)

(14)

(15)

3. ASYMPTOTIC ANALYSIS

The asymptotic technique starts by assuming the following expansions for the field
variables:

<Xl

{Uj,(Jij}(~)(Xk,XI·' t ;e) = L en{Ui(n),(Jlj(n)}(~)(Xk,XI·' t); e« 1. (16)
n~O

Substituting eqn (16) into the governing equations, eqns (8)-(11), and grouping terms in
equal powers of e, a sequence of problems is obtained. The first of these yields

u~(~» '. = 0, o.} , (J)ilO).j. =o. (l7a, b)

Equation (l7a) implies that uh"J) are independent of the microcoordinates x1. Together with
the zeroth-order expansion ofeqn (lla), one has then

(18)

The remaining sets of equations obtained from eqns (8)-(11), are, for n ~ 0
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09a, b)

(aj _ J ( (a) + (a) + (a) + (.) )
e'J(n) - 2 Ui(n).J UJ(nj.i Ui(n+ I).J' Uj(n+ I).i' .

(20)

(21 )

Equations (19)-(21) are supplemented with interface continuity and x*-periodicity
conditions. These are, for n ~ 0

(I) _ (2)
U,(n) - Ui(n), (22a, b)

ui(~\ and u)~~)V)2) are x*-periodic on the cell boundary. (23a, b)

Equations (19)-(23) generate a series of microboundary value problems (MBVPs) for
ui1(~) and uA~), which are to be solved sequentially. The first of the MBVPs, corresponding
to umO) and UiW>' is called the 0(1) MBVPs and is defined by eqns (17b), (19b), (20), (21),
(22b) and (23b) with n = 0 and eqns (22a) and (23a) with n = I.

Higher order terms in the asymptotic expansions for the displacement and stress fields'
microstructures, can be computed with suitable integrability and normalization conditions.
However, due to the complexity of these MBVPs, a variational approach, based on
Reissner's mixed principle[28] is preferred here in order to construct the mixture model.
This construction can be carried out by supplying eqn (12) with appropriate trial dis­
placement and stress fields which must satisfy the interface continuity condition (22) and
the x*-periodicity condition (23) on the cell boundary. As a result only approximate
solutions of the MBVPs are necessary.

These trial functions are obtained by modeling the cell as two concentric spheres. This
approximation of the cell geometry limits the applicability of the resulting mixture model
to periodic particulate composites with cubic or hexagonal close-packed cells. However,
the theory can easily be generalized at the cost of analytical simplicity for any arbitrary cell
by introducing appropriate trial functions for the cell. The required trial functions may be
computed by a finite element procedure proposed by Maewal[32]. The present concentric­
spheres model is shown in Fig. 2 where (r, e, ¢) are spherical coordinates, such that

xT = r sin ¢ cos e
x! = r sin ¢ sin 0

x1 = r cos ¢.

(24)

The volume of the cell is denoted by V*, its boundary is defined by r = I and its interface
surface by r = (n(l) 113. The quantities n(') denote the volume fraction of material ex and
satisfy the relation

(25)

In terms of the spherical coordinates (r, e, ¢), the x*-periodicity condition for the concentric­
spheres approximation can be expressed as

F(r,e,¢) = F(r,7t+e,7t+¢). (26)

4. TRIAL DISPLACEMENT AND STRESS FIELDS

The 0(1) stress and O(E;) displacement fields can be determined by solving the 0(1)
MBVPs which are defined by eqns (17b), (19b) and (20)-(23). As shown in Ref. [29], these
MBVPs are excited by Ui(O).j' Therefore, the mixture formulation becomes more tractable
by introducing microdisplacement variables which represent Ui(O).j+ Uj(O).i> such that
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where V* is the volume of the cell. Since U,lNl is excited by U,(OI,j+ Uj(O)" there holds

As an O(E:) trial displacement field, the following form may be used:

j
(.) - S ( r) (.)( *)Ui(l) - i Xb gJ XI

where

(.)( *) _ I [( 1).+ I *+ s: Xi*]
gi Xj - n(.} - Xi u.2;J'

995

(27)

(28)

(29a)

(29b)

Considering the 0(E: 2
) difference of the average of uf·} over V*(·}, eqns (I8) and (29) yield

the following trial displacement field

(30)

where ui\"l> is given by eqn (29). Equations (29) and (30) show that the mixture displacement
J

variables are Ui I), UF), Si subject to the constraint (28). Inserting eqn (30) into eqns (20)
and (21) with n = 0 and considering the O(E: 2

) differences of the average stresses, the 0(1)
trial stress field may be written as

•(.) - (.)( r) + (.) ( r) (.)aij(O} - !ij Xb !ijkl xp , gk./·· (31 )

As with displacement variables, o (E:) stress variables are conveniently introduced according
to

(32)

Integrating eqn (8a) over V*(·) and making use of the x*-periodicity condition, the following
mixture equation is obtained:

n(·)a(·') +(- 1)·+ 1p. = n(·)p(·)u(·')
Jltl I I,tt

where the average operation is defined by

(33)

(34)

From eqn (33) it is seen that Pi plays the role of an interaction body force between the two
constituents through the interface.

As an O(E:) trial stress field, the following form may be used:

(35)

As a result, the trial stress field may now be written in the form
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(36)

where d;)'ioJ and diJ/,) are defined by eqns (31) and (35), respectively.

5. MIXTURE EQUATIONS

Substituting the trial displacement and stress fields defined by eqns (30) and (36),
respectively, into Reissner's mixed variational principle, eqn (12), and using eqns (14) and
(15), the following governing equations are obtained:

(a) Equations of motion

where

and

o

(A 1,A 2):= L A(')(I,p(·»
.= 1

(.) I [I ,+ I (1)5/3 b (n(l) +I 9)J
A = n(,)2 "5 (- 1) n +.2~ - "5 .

(37a)

(37b)

(38a)

(38b)

Also Kmlk} are constants that depend on n( I) and n(2) only. The non-zero values of these
constants are given in the Appendix. It should be noted that in eqn (37), the superscript
"a" used to denote "average" has been dropped from r;~) and rm, since these are independent
of the microcoordina tes xt.

(b) Constitutive equations

(39a)

(39b)

(39c)

where

(c) Boundary conditions along av

(40)

,
or n(·)r(')y.+(-l)o+l r (·) y. = T(·p)

I} } I]kk } I

) vj

bS; = 0 or A IPjY j = T;

(41a)

(41 b)

where
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v I i vT(ap) = - T(a) dx· dx· dx·
I - V* V.(lll) I I 2· 3

(d) Initial conditions

997

(42a)

(42b)

specify U~a)
I ,

uta)
I,t,

} j

S" Si,l at t = O. (43)

Equations (37), (39), (41) and (43) constitute a well-posed boundary value problem with
respect to time t and macrocoordinates Xk'

6. EFFECfIVE ELASTIC MODULI

The effective elastic moduli, which relate stress averages to strain averages, are defined
by the 0(1) homogenization theory. They can thus be obtained by letting e ..... 0 in eqns (37)
and setting

Equation (37a) yields

where

while eqn (37b) yields

a!~) = p(m)lj
I) l.tI

2

aij) == L [n(a)t~) +(-IY+ Iti~~k]
a=1

2
p(m) == L n(a)p(a)

a= I

(2) (I) I (I) I (2) (2) 0
tij - tij - (T) tijkk - m tijkk - Kmlkjtikml = .

n n

(44)

(45)

(46a)

(46b)

(47)

j

This last equation can be solved for Si by inserting therein eqns (39a) and (39b). Substituting
j

in turn these expressions for Sj into eqn (46a), one obtains

(48)

where

(49a)

(49b)

and [c<m)] is the effective elastic modulus matrix. Although the medium is heterogeneous,
it is isotropic. Consequently, only two independent constants should suffice, as is indeed
the case. [c(m)] is conveniently written in the standard form

SAS 2J:7-L.
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Fig. 3. Bulk and shear moduli as a function of particulate volume fraction.

)"+2j.1. )" A 0 0 0 (m)

)" A+2j.1. A 0 0 0

[c(m)} = A A A+2J.l 0 0 0
(50)

0 0 0 J.l 0 0

0 0 0 0 J.l 0

0 0 0 0 0 J.l

The composite Lame's constants A(m) and J.l(m) are given in the Appendix.
In order to assess the accuracy of the present 0(1) mixture theory, the results for the

elastic constants of a tungsten carbide/cobalt particulate composite are presented and
compared with those obtained by Hashin[2]. Young's modulus E and Poisson's ratio yare

for tungsten carbide E( I) = 102 x 106 psi, y(l) = 0.22

and for cobalt E(2) = 30 X 106 psi, y(2) = 0.30.

(51a)

(Sib)

The variations in terms of the particle volume fraction n( I) of the composite bulk modulus
K(m) and shear modulus j.I.(m) are shown in Fig. 3, where very good agreement is observed
with Hashin's results[2]. For the bulk modulus K(m), the two curves are identical. The
expression for K(m) derived by Hashin[2] represents an exact result when the medium is
completely filled out with concentric spheres. It should be emphasized here that the effective
medium is isotropic because the shape of the composite unit cell has been modeled as being
spherical. Had one used a cubic cell instead, then as shown by Iwakuma and Nemat­
Nasser[15] and Nunan and Keller[33], the elasticity tensor would have had three inde­
pendent coefficients as compared to two coefficients for the spherical cell model.

7. HARMONIC WAVE PROPAGATION

In order to test the accuracy of the present O(e) mixture model, phase velocity spectra
have been compared with experimental data for harmonic wave propagation. Due to the
composite isotropy, it is sufficient to consider harmonic waves propagating along, say, the
xI-direction. Therefore, let
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(52)

• j

where VfO
) and Sj· represent constant amplitudes. Also, k and w denote the wave number

and the angular frequency, respectively.
Substituting eqn (52) into eqn (37) and using the constitutive equations, eqns (39),

yields an eigenvalue problem for (ew) of the form

where

[

1 2 3 2 3 3 JTU = 0(1) O(2) S. S. S· V·CI) O(2) S. 0(1) 0(2) S· S.I, I' h 2, 3, 2, 2, It 3, 3, It 2

(53)

(54)

[I(] and [M] are (12 x 12) real symmetric matrices, whose elements are functions of the
volume fractions, constituents' elastic properties and wave number. Furthermore, [M] is a
diagonal matrix. Equation (53) reveals that for a given (ek), there corresponds 12 eigenvalues
(ew). The phase velocity Cp is then determined from

(55)

In the present analysis the typical cell dimension .6 was chosen to be the cell radius by using
the concentric-spheres model. The reference elastic modulus and density used for the
nondimensionalization are

2
B = '\' nCo) BCo)

(m) L. '
0-1

2

PCm) = L nCo) p<o).
0-1

(56)

The dimensional frequency f(Hz) is then given by

f = (ew)J(~(m»).
21t.6 P(m)

(57)

Numerical results were obtained for two composites: glass/epoxy and steel/PMMA, for
which experimental data have been recorded by Kinra and Ker[18] for longitudinal waves.
The constituents' physical properties are given in Table I, in which the values for Poisson's
ratio are estimates. In the simulation .6 was computed from the particle's radius which was
1 mm for glass and 0.55 mm for steel.

Table \. Physical properties for glass/epoxy and stcel/pMMA composites

Volume Young's modulus
fraction n(·} EI.' (GPa)

Poisson's
ratio vI.'

Mass density
pl.' (J em- 3)

(I) Glass
(2) Epoxy

(I) Steel
(2) PMMA

0.256
0.744

0.152
0.848

62.784
4.541

113.534
3.032

0.20
0.43

0.292
0.30

2.492
1.18

7.8
1.16
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Fig. 4. Phase velocity as a function of frequency in glass/epoxy composite.
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Fig. 5. Phase velocity as a function of frequency in steel/PMMA composite.

Phase velocity profiles for each composite are shown in Figs 4 and 5, where two distinct
modes are displayed: a longitudinal (P-mode) wave and a shear (S-mode) wave.

For a given (ek) the number ofeigenvalues (ew) depends on the number ofdisplacement
variables introduced in the trial functions for u j(·). In the present case, computations yield
five branches for the P-mode and three branches for each S-mode. The first two branches
in the spectrum for the P-mode, which are believed to be sufficiently accurate within the
present calculation, are plotted as functions of frequency. Figures 4 and 5 clearly bring out
the dispersive characteristic of the composite. The experimental data correspond to the
longitudinal mode, and it can be seen that the correlation with the present results is quite
satisfactory. In their paper, Kinra and Ker[I8] have predicted, at higher frequencies where
the wavelength approaches the particle's radius, additional second (f = 1.4 MHz) and
third (f = 2.0 MHz) stop bands for glass/epoxy, and additional third (f = 1.5 MHz) and
fourth (f = 1.9 MHz) stop bands for steel/PMMA. Their experiments however did not
reveal these higher stop bands. They have conjectured "that this is probably due to the
excitation of resonances of the spherical inclusions which, at higher frequencies, tend to
dominate the resonances of the unit cell". Figure 4 (glass/epoxy) shows an additional stop
band at f:= 1.53 MHz, which is in fairly close agreement with the value predicted by Kinra
and Ker[18]. (The remaining three branches given by the mixture model corresponding to
the P-mode are not shown in the figures.)
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Finally, for completeness, the first branch of the shear wave velocity spectrum is also
shown in Figs 4 and 5, for each composite. Due to the composite isotropy, the vertically
(SV) and horizontally (SH) polarized wave speeds are identical.

8. CONCLUSION

A micromechanical mixture model for periodic particulate composites was presented
based on a two-scale asymptotic expansion. Governing equations and appropriate boundary
conditions were deduced from Reissner's mixed variational principle[28]. Expressions for
the effective elastic moduli were derived and compared with Hashin's results[2]. Also,
harmonic wave dispersion spectra were obtained, and a good correlation with the exper­
imental data of Kinra and Ker[18] for glass/epoxy and steel/PMMA composites was
observed.
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APPENDIX

(a) Non·zero values of constants "-i appearing in eqn (37b)

-adJ+(o. +2a2)Y
PI i5 p2_2y2+py ,

1 .
"1111 = 5n( l)n(2); no sum on I

I
"IIJj ="ii" = I 5n( ')n(2); i #' ), no sum on i and)

3
"ijll = "illl = "lUI = "Iill =-5(I) (2); i #'), no sum on i and).n n

(b) Expression for composite Lame's constants ).(..)and /l(") appearing in eqn (SO)

).(.., = f+(3ol +2a2)P. +2a I P2

/ll") = Jl +2a2P2

where

2
(f,ft) E L n(·)().(·),/ll'»

._ 1

and

(AI)

(A2)

(A3)

(A4)

(AS)

(A6)


